Attenuation leads to distortion of amplitude and phase of seismic waves propagating inside the earth. Conventional acoustic and least-squares reverse time migration do not account for this distortion which leads to defocusing of migration images in highly attenuative geological environments. To account for this distortion, we propose to use the visco-acoustic wave equation for least-squares reverse time migration. Numerical tests on synthetic data show that least-squares reverse time migration with the visco-acoustic wave equation corrects for this distortion and produces images with better balanced amplitudes compared to the conventional approach.
INTRODUCTION
Fluids trapped in overburden structures cause strong attenuation of P-waves which hamper the resolution of migrated images. This can be attributed to the fact that the real earth is anelastic and this causes distortion of the amplitude and phase of the propagating seismic waves (Aki and Richards (1980) ). If the attenuation is too strong, ignoring it during migration can lead to incorrect positioning of reflectors below these layers. Attenuation of P-waves can be quantified by an attenuation parameter or a quality factor, Q P , which accounts for the amplitude attenuation and the phase shift as a function of the the frequency content of the propagating waves and the distance travelled. Lower values of Q P imply more energy loss of the wave per cycle or very high attenuation. The values of Q P for rocks like gas-sandstone and shale are very low (Q P ≈ 15 − 30) and this necessitates the need to account for Q P during migration for more accurate and better resolved images.
Reverse time migration (RTM) has become the standard migration algorithm for imaging in complex geological settings like the Gulf of Mexico. Conventional acoustic RTM uses the two-way wave equation for computing the Green's functions (Baysal et al. (1983 ), McMechan (1983 ) and is more accurate than the integral based Kirchhoff methods. Dai et al. (2012) extended the idea of least-squares migration (Nemeth et al. (1999) ) to least-squares reverse time migration (LSRTM) and showed that LSRTM can mitigate the artifacts of RTM and can produce images of better resolution compared to standard RTM. However, RTM and LSRTM do not take into account the attenuation due to Q P if the standard acoustic wave equation is used for wavefield extrapolation. In this work, we propose to use the visco-acoustic wave equation instead of the standard acoustic wave equation for LSRTM and show with numerical tests that LSRTM using the visco-acoustic wave equation produces images with better balanced amplitudes and accurate positioning of reflectors compared to acoustic LSRTM when the subsurface attenuation is very strong.
LEAST-SQUARES REVERSE TIME MIGRATION WITH THE VISCO-ACOUSTIC WAVE EQUATION
The stress-strain relation for a visco-acoustic medium is given by (Christensen (1982) , Carcione et al. (1988) 
where p denotes the pressure field, e denotes the trace of the strain tensor matrix, d k /dt k represents the k-th order time derivative and c k and d k are coefficients related to the material properties of the medium. The pressure field can be expressed explicitly from equation (1) using Laplace transform methods as,
where τ σ l and τ εl denote material relaxation times for the lth mechanism, L is the number of relaxation mechanisms and M R is the relaxed modulus of the medium. The equation of momentum conservation can be written as (Carcione et al. (1988) ),
where ρ and f i represent the density and body forces, respectively. Equations (2) and (3) together describe the deformation in a visco-acoustic medium. For numerical modeling, the convolution term in equation (2) is simplified by introducing a memory variable term, r p , (Robertsson et al. (1994) ) and only one relaxation mechanism (L = 1) is sufficient for practical purposes (Blanch et al. (1995) ). Thus, for a 2D visco-acoustic medium, the linearized equations of motion and deformation become (Thorbecke and Draganov (2011)) ,
Here, V x and V z represent the particle velocities in the x and z directions, respectively, and κ represents the bulk modulus of the medium. The relaxation parameters, τ σ and τ ε , are related to the quality factor, Q P , and the central frequency, f w , of the source wavelet as (Robertsson et al. (1994) ),
Equation 4 can be used for wavefield extrapolation in a viscoacoustic medium during RTM and LSRTM. Figure 1 shows the effect of attenuation on amplitude and phase for a homogeneous medium with a background velocity of 3000 m/s and for different values of Q P . The source is excited at the center of the model and the snapshots are taken at t = 0.8 ms. It is evident that lower values of Q P distort the amplitude and phase of the propagating waves.
For visco-acoustic LSRTM, the Born modeling equation can be written as,
where G(x ′ |x) is the Fourier domain representation of the bandlimited Green's function for a source excited at x and an observation point at x ′ and is numerically computed using equation (4). W (ω) represents the source wavelet for an angular frequency ω, m(x) represents the reflectivity model and P(g, s) represents the born-modeled data where g and s are the geophone and source coordinates, respectively. For notational convenience, ω has been dropped from the pressure and the Green's functions terms. The RTM operator can be derived by applying the adjoint operation on equation (6) as,
Using a matrix-vector notation, the forward modeling operation in equation (6) can be written as,
and the adjoint operation or the RTM operation can be written as (Claerbout and Green (2008) ),
The reflectivity model, m(x), can be determined using a leastsquares method by minimizing the misfit function, ε, as (Nemeth et al. (1999) , Dai et al. (2012) ),
Equation (10) can be iteratively solved using any gradient based method like steepest descent as,
Here, m (i) represents the reflectivity model at the i-th iteration, g (i) and α represent the gradient and the step-length, respectively. The gradient is determined by reverse time migration of the data residuals between the born-modeled data and the observed data which has been calculated using a full finite difference simulation of the visco-acoustic wave equation given in equation (4). 
NUMERICAL EXAMPLES
The proposed LSRTM algorithm using the visco-acoustic wave equation is tested on a modified Marmousi model shown in Figure 2 A 2-8 time-space domain staggered grid finite-difference method is used for visco-acoustic and acoustic RTM and LSRTM in all cases. There are 115 shots fired at a source interval of 40 m and there are 230 receivers evenly distributed on the surface at an interval of 20 m. A fixed spread acquisition geometry is chosen as all the receivers are used for each source. A Ricker wavelet with a 20 Hz peak frequency is used as the source wavelet. The observed data having strong attenuation is generated using the velocity and the Q P models shown in Figures 2(a) and (b) , respectively. To see the effect of attenuation, the same data is migrated first by taking attenuation into account by using the visco-acoustic wave equation for extrapolation of the source and receiver wavefields and then migrated again by ignoring the effect of attenuation and using the first order acoustic wave equations. Source side illumination is used as the preconditioning factor during LSRTM in both cases. Figure 5 . It is evident that LSRTM using the acoustic and visco-acoustic wave equations provide similar results in shallow layers where there is very little or no attenuation. However, in deeper layers, where the attenuation effect is very strong, the LSRTM image obtained by using the visco-acoustic wave equation shows better resolution and focusing compared to the LSRTM image obtained using the acoustic wave equation. Also, the migrated amplitudes in the deeper layers are better balanced in the visco-acoustic case. Careful analysis of the images in Figures 5(b) and 5(e) also reveals that the reflectors in the deeper layers are slightly mispositioned when compared to the true reflectivity model. However, for the visco-acoustic LSRTM images in Figures 5(c) and 5(f), all the reflectors are imaged at the right locations. This can be attributed to the fact that strong attenuation not only affects the amplitudes but also the phase of the events and this effect becomes more prominent for the waves that travel large distances and through the high attenuative layers. Migration without taking attenuation because of Q P into consideration cannot correct for this distortion. The convergence curves for acoustic and visco-acoustic LSRTM are also compared in Figure 3 . The convergence in this case is better for visco-acoustic LSRTM since the correct physics is accounted for during the modeling and the adjoint operations.
CONCLUSIONS
We presented a least-squares reverse time migration method using the visco-acoustic wave equation to compensate for the distortion in amplitude and phase of seismic waves propagating in highly attenuative layers. Numerical results using the Marmousi model show that conventional LSRTM using the acoustic wave equation cannot correct for the attenuation loss. However, when the visco-acoustic wave equation is used during LSRTM, the attenuation effect is correctly accounted for. LSRTM using the visco-acoustic wave equation produces images with better balanced amplitudes and accurately positioned reflectors below highly attenuative layers compared to the acoustic LSRTM images. Similar to acoustic LSRTM, visco-acoustic LSRTM is also sensitive to errors in the migration velocity model. Estimation of Q P from real data is also difficult. The Q P tomography methods suggested by Liao and McMechan (1996) and Liao and McMechan (1997) is one possible solution to get a starting Q P model for visco-acoustic LSRTM. More accurate estimation of Q P should be emphasized on, especially during processing, for accurate imaging in gas-sandstones and shales. 
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